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Abstract-This paper dddresses the mue of an extstence theory for d system of hyperbolic parttal 
dlfferenttal equattons artsmg m ape dependent population dyndmlcs The dbstract model mcorporates 
both the tradItIonal ecologtcal models (e g predator-prey dnd competttlon) dnd the eptdemtc models 
In order to Include the latter sttuatlon the theory has been developed for non-diagonal systems Global 
ext%wze has been mvesttgated and sufficient condttlons for the contmuatton of the soluttons are provtded 
INTRODUCTION 
In this paper we shall consider a system of hyperbohc partial dlfferentlal equations descnbmg 
nonlinear age dependent population dynamics The nonlinear theory was begun m 1974 by 
Gurtm and MacCamy m [9] and by Hoppensteadt m [ 141 In [9] and [ 141 age structured 
popuiatlon models were considered m which the buth and mortahty processes depended not 
only on age (see for instance Lotka-Sharpe[ 161, Lotka[ 171, Von Foerster[28]), but also on the 
total population densities as well Consequently, the equation of the models were nonlinear m 
the unknown densities Models of this type have been studied by many researchers mcludmg 
Webb[32-341, Marcus-Mlzel[24], Marcus[25], Chlpot[S], Chlpot-Edelstem[6], Dl Blaslo ef 
al [8], Smestrm[27], Marcatl[21, 221, Busenberg-lannelh[ l-31, Pruss[26] A more complete 
analysis of the present and past literature can be found on the monograph of Webb[30] We 
shall not mention exphcltly the wide literature concerning discrete models, although very 
important contrlbutlons have been given m this dlrectlon by several important mathematlclans 
The goal of this paper is to establish sufficiently general results about the local existence, 
the posltlvlty, and the contmuablhty of the solution of a certam nonlinear hyperbohc system 
which mcorporates some examples useful m the apphcatlons Here the nonlinear dependence 
1s less general than the one investigated m Webb[30, 32, 331 However, the theorems have 
been proved under different hypotheses and with different arguments In particular for the local 
existence, we think, there 1s a relevant difference m the Llpschltz assumptions for the mortahty 
process Our posltlvlty result (which has been inserted m the local existence theorem) 1s based 
upon sign condltlons for the birth and death matrices (actually they are Nagumo type condltlons) 
while the results m [30] are obtained using a fixed pomt argument under different hypotheses 
on the mortality processes Finally, our global existence given m a less general situation, 
includes a growth behavlour (for instance see Chlpot[S]) which seems to be excluded m [30], 
(see the proposition (1 7)) 
As m [30], also m this paper we provide a theory that includes nondlagonal systems An 
example of this kind, ansmg m the mathematical theory of epldemlc diseases, IS given at the 
end of the paper (see Waltman[29], Marcatl-Pozlo[23] and Busenberg_Cooke[4]) Throughout 
the paper we shall consider nonlinear birth and mortality processes which are regarded as L’ 
matrix valued functlonals of the age density This point of view is sufficient to cover a Gurtm- 
MacCamy type model where a nonlinear dependence on the total population 1s considered and 
can be useful to study nonlinear dependence of a quantity such as 
S(l) = 4~ 1) 40) 
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where ,U is an absolutely continuous measure and ~(a, t) IS the age density at time r Intultlvely. 
the latter nonlmeanty occurs when we are dealmg with nonlinear models where there IS d 
different influence of the population aged m a certain interval with respect to the population 
aged mto another This different influence can be weighted usmg the measure p More general 
nonlmeantles, even if for diagonal systems only, have been investigated by Marcus-Mlzel[24], 
Marcus[25] Then- results provide an existence theory for bad nonlmear terms, for instance if 
the above ,U IS a concentrated measure (see also Smestran[27]) 
To the author’s knowledge the extension of the above results to general systems IS 
presently, an open problem 
As we are dealing with a general model descnbmg the evolution of several species, let 
us denote by ~,(a, t) the age density of the fth population, I = 1, , n and by U(LZ, t) = 
(&(a, t), ~,(a, t)) We shall denote by b,, and m,, the effects of the jth population on 
the age speclfi~ birth and death rates of the Ith population We shall consider b,, and m,, as 
functions of the age a and L’-functional of the densltles U( . t), where U( , t)(u) = ~(a, r) 
Moreover we assume there exists a positive bound A < +m such that b,, = m,, = 0 for all 
u Z A The equation descnbmg the population dynamics are given by (see Webb[30]) 
(P) 
Du(u, t) + m(a, u( , t))u(u, t) = 0 
i 
A 
u(0, t) = Ma, u( , f))u(a, t) da 
0 
46 0) = uo(a), a Z 0, th0 
Where we set b for the matnx {b,,}, m for the matnx {m,,} and 
Du(u, t) = hm h-‘[~(a + h, t + h) - ~(a, t)] 
h-0 + 
1 EXISTENCE AND UNIQUENESS 
Throughout this paper Lf, ~111 be the Banach space {u E t’(R, R”) u(u) = 0, for all 
a Z A}, endowed with usual norm Iu(, = Jg [~(a)[ da and for all E > 0, C, ~111 be the 
Banach space C([O, E], LA> endowed with the supremum norm IIuljc, = sup {[u(r)(, r E [0, E]} 
Moreover let us denote by C: the posltlve closed convex cone {u E C, u,( , r) 2 0, 1 = 
1, . n} and by V, the mtersectlon between the domain of the linear operator D and the 
cone C,+ 
On the matrices {b,,} and {m,,} the followmg hypotheses hold 
(H,) For all 1,~ = 1, n, b,, maps R, X LA mto R,, b,,(a, u) = 0 
for all u E LA, a 2 A ‘and one has 
(I) for all u E LA, b,,( , u) IS a contmuous function, 
(II) there exists a nondecreasmg contmuous function co R, * R,, c,(O) = 0, 
such that Ib,,(u, u) - b,,(a, v)( S cdr)(u - VI, 
for all u, v E LA, ju(,, Iv(, S r and u E R, 
(H,) For all I, J = 1, n, m,, mdps R, X LA mto R, m,,(u, u) = 0 
for all u E LA, a 2 A ‘and 
m,,( I u) IS continuous on [0, A] If I # J 
m( 7 u) 1s contmuous on [O, A) 
Moreover the followmg hypotheses hold 
(0 m,, S 0 If i # J, m,, 2 0, 
(II) for all u E R, , u E L.1, JuJ, I r, I f I, one has -m,,(u, u) s co(r) 
(111) for all u, v E LA, IuJ,, /VI, 5 r, 1 f J, one has (m,,(a, u) - m,,(a, v)( 5 co(r)(u - ~1,. 
(IV) there exists a contmuous function L, [0, A) x R, + It+, ~,(a, 0) = 0 
such that for all u, v E LA, /U/I, Iv/, Z r, u E LO, A), one has Im,,(a, u) - 
m,,(a, v)J 5 ~,(a, r)lu - VI, 
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(v) there exists a continuous function 9 [0, A) + R, 
such that for all u E f,L, a E 10, A), z = 1, , n 
9(a) da = +m 
cd , r) = O(q) 
asu-+A- 
(HJ For all mltlal datum ug E LA. u. 2 0, the followmg condltlons are assumed 
u. is a contmuous function 
I 
A 
UOKU = bk, uobo(a) da 
0 
Before beginning with the existence theory we wish to obtain some prehmmary results on the 
followmg “lmeanzed” problem Let us consider a function v E C,+ , we are mterested m the 
following linear system 
W) 
Dw(u, t) + m*(u, t)w(u, r) = 0 
I 
A 
w(0, r) = b*(a, r)v(u, t) da 
0 
w(u, 0) = u,(a), a E R+, t E w, &I 
where 
b*(u, t) = b(u, v( , t)) and m*(a, t) = m(u, v( , t)) 
Smooth solutions for (PL) can be obtained usmg the classical methods of the characterlstlcs 
(see for instance F John[ 151) 
In our problem, the charactenstlc paths are the lmes t - a = const Let us denote by 
z(s) = w(a + s, t + s) 
then it follows 
((2 z’(s) + m*(u + s, t + s)z(s) = 0 
z(0) = w(u, t) 
So we can define the evolution matnx of (C) as the solution of the followmg lmear equation 
in the vector space of n X n matrices 1(R”) 
i G(s, a, t) + m*(u + s, t + s)G(s, a, r) 
G(O+, a, t) = I, Q 2 0, r 2 0, a + s>o 
We begin by studying some useful properties of G(s, a, r) 
(1 1) 
PROPOSITION 1 1 
Assume b, m, u. satisfying the above hypotheses (H,)(H,)(H,), then for all I, k = 1, 
n, a E 10, Al, r E [O, ~1 
;I) 0 S G,&, a, t) 5 exp [ -J-i; 9!u + p) dpl exp [nc,(r)A] provided that I&, 5 n 
(11) G,n(s, a, r) = 0 for all s h A - a 
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(nl) s E LO, mm (0, A - a)) + G,l(s, a, t) IS contmuous 
(a, t) E [O, A)xR. + G&, a. t) IS contmuous 
a E [0, A) + G,L(u, 0, t - a) 1s m L,I 
a E [O, A) + GJt, a - t, 0) 1s m Ld 
(tv) t E [O, ~1 + Gdtt - t, 0) E IL; 
t E [O, E] * G,,( , 0, t - ) E Lf, 
are continuous functions 
Proof Since G 1s a solution to (1 1) it follows that G,I(~, a, t) Z 0 because the off- 
diagonal elements of m are negative Moreover we have 
G,&, a, t) = exp ’ mf(u + o, t + a) dg 6,, 1 
mlTta + P, t + P) dp 
1 
2 m,T(u + o, t + a)G,,(u, a, t) da 
So d we denote by <(s, a, t) = max, li G,&, a, t) we obtain 
4~ + P) dp ((0, a, t) do 1 
We get (I) by Gronwall inequality Statement (II) follows lmmedlately by (I) usmg the hypothesis 
(Hz) 
Let us consider now the followmg identity 
G(s, a, t) = 1 - m*(u + u, t + u)G(o, a, t) da 
obtained by integrating the system (I 1) Then the assertions m (m) are a consequence of well 
known results of integral equation theory (see [36] Thm 2 3) and the estimate given m (1) 
Also (IV) follows by standard arguments Let us now define the operator @, m the followmg 
way 
where a,(v) 1s the solution to (LP) (v) up to the time c, that 1s 
G(t, a - t, O)uo(u - t), If t 5 a, 
Q,(v) = 
I 
A 
G(u, 0, t - a) b*(a, t - u)v(a, t - a) da, If t>u 
0 
PROWSITION I 2 
Under the above hypotheses (H,). (Hz), (H,), Q,(V) E V, and @,(v)( , t) IS continuous. 
provided that v E C,’ and t E [0, F) 
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Proof For each v E C: and t E [0, E], @,(v)( , t) E Lj, In fact If jIvjjc, 5 r 
i^ I@,(v)(a, t)l da zz J1: G(a, 0, r - a) j; b*(a, f - a)lv(a, t - a)1 da da 
0 
* G(r, a - t, O)lu,(u - t)l da 
Q,(v) 1s positive since G,l(~, a, t) Z 0 for each I, k = 1, n Since (in) and (IV) of 
proposition (1 1) are true we have @Jv) E V, To estabhsh Q,(v) & V, it IS necessary to prove 
there exists D@,(v) and it belongs to C, Indeed, one has 
h-‘[@Jv)(u + h, t + h) - @,(v)(a, t)] 
h-'[G(u + h, 0, t - a) - G(u, 0, t - a)] * !~*(a, I - a)v(a, t - a) da 
= i 0 
h-'[G(r + h, a - t, 0) - G(t, a - t, O)]uo(u - t) 
Therefore Q,(v) exists and 1s m C, The remaining properties follow from the proposition 1 1 
The next theorem allows us to obtain a local existence result for (I’) 
PROPOSITION 1 3 
if E > 0 1s sufficiently small then @, 1s a stnct contractlon on a suitable closed convex 
subset of Cl mto itself Therefore there exists a uruque fixed point m V, 
Proof Let E > 0 and v, w E C: such that J1vIIc,, IIwllc, S r Assume t E [0, E], then 
Ii@,(v) - @‘Fw)llc = ,$p, lo’ I@,(W, t) - @,(~)(a, 01 da 5 I, + 12 + 13 
where 
I, = 
I 
* IG(v)(t, a - t, 0) - G(w)(t, a - t, O)~~uo(u - t)( da 
, 
Zz = 
I 
’ lG(v)(a, 0, t - a) - G(w)@, 0, t - a)] 
0 
X 
Ii 
* b(a, v(t - a))v(a, t - a) da da 
0 
1, = 
I 
’ )G(w)(u, 0, t - a)\ * b(a, v(t - u)v(a, t - a) da 
0 IJ 0 
- b(a, w(t - u))w(a, t - a) da da 
and G(v)@, a, f) denotes the solution to (1 1) related to v 
The proposltlons (1 1) and (1 2) Imply that 
Z2, I7 I E const (r)llv - wIIc, 
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Now, we need to find an estimate for I, m order to obtain a strict constractlon For this purpose 
we have to study IG(v)(t, a - r, 0) - G(w)(t, a - t, O)/ Let us define 
L,(t, 0, a, v) = exp - 
[i 
m,,(s, ~(t - a + s)) ds 
0--l+” 1 ut, a, v) = L,(t, 0, u, v) 
Rdtr a, v, 0) = i: m,,@ - r + 0, v(a))G,k(a, a, t) 
‘,‘I 
t+/ 
Hence we get 
IGdv)k Q - t, 0) - G,dw)(t, a - r, 011 S IS,,(L,(a, r, V) - ~,(a, r, w))/ 
I7 0, a, v)&k Q, v, 0) - Ur, 0, a, w)R,k(r, U, W, a)( do = J, + .J? 
Then 
JI = l&G,(u, t, v) - L,(u, f, w)jl d exp [-I_, q(g) do] ([_, c,(g, r) d+ - wllc, 
Jz 5 ; Ih( i I, a, v, a)lIL,k ~1, 0, v) - W, a, CJ, w)l dri 
+ ; IR,,( i t,a, v, ~1 - Rdt, a, w, o)l do 
5 const (r) 
I 
’ ILJ t, a, CJ, v) - L,(t, a, 0, w)l da + E const (r)ljv 
0 
Moreover 
’ IL,@, a, o, v) - Ut, a, 0, ~11 da 
Finally one has 
f,.~{[exp(-~_~y(a)da)~_,~,(a.~)da] 
+ const @)[& exp (-l_,+fl q(a) da) r_,+, (,(a, r) d&do] 
+ E const (r) dullv - wIIc, 
1 
Smce for all C$ E [0, +m) one has <e-‘ 5 e-’ therefore 
J1: (exp [ -l-,+, q(a) da. Ii ” c,(a, r) da do du 5 const (r)F o--l+0 
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moreover it follows 
Therefore 
II@,(v) - Qp,(w)ljc, 5 I, + I2 I, 5 (O(E) + F) con5t (r)llv - wIIc, 
Then for all r > 0 there exists E(r) small enough, such that 
II@,(v) - @,(w)ll s (1 mv - 41 
Moreover, we observe that there exists C > 0 such that 
sup Il@JO)ll = c < +m 
00 
where C depends only upon u. 
Thus, if we choose 7 > 0 
F = 2c 
one has for all E < E(T) = E 
Il@,Cv)ll, 5 Il@F(WP + (1~2)ll~ll 5 F 
Hence @, 1s a stnct contraction from C: fl B(O, r) mto itself Therefore, we have the local 
existence of a unique contmuous solution which is dlfferentlable along the charactenstlcs 
Remark Smce the radius F 1s a function of the norm Iuolt, wlthout some a prlorz bounds, 
the above procedure cannot be mterated to obtam a global solution Since the sltuatlon of the 
above theorem 1s quite general, mcludmg the ordmary differential equations with quadratlc 
second member we may have a blow up of the solutions m finite time To avold this occurrence, 
we will be forced to make some additional assumptions on the growth of b and m 
DEFINITION 1 1 
Suppose u E V, 1s a solution to (P) which is unique on [0, E] We say ti E V, 1s a 
contznuat~on of u if a 1s the unique solution to (P) on [0, E], 6 > E and lij10 cl = u A solution 
1s non-contznuable d no such contmuatlon exists The mterval of existence of u IS said maxzmal 
mterval of existence of the solution to (P) and will be denoted by JM 
REMARK 1 4 
The maximal interval JiM is an open interval of the form [O, aM) where a, Z + w When 
ah< = += we have global existence and uniqueness 
Proof Suppose that JiM > [0, co] where e. > 0 Then to the equation 
Dv(a, t) + m(a, y(t))y(a, t) = 0 
(P)’ VW, ?I = I A b@, yO))y(a, t) da 0 
y(a, 0) = da, to), u E R+, 
the local existence theorem can be applied Wltten[35] 
area 
addresses a specific problem m this 
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For this reason there exists E, > 0 such that a umque solution ~7 to (P)’ exists on [0, E,] 
If we define for all a E R, 
ri(a, t) = 
{ 
u(a, t) lf t E LO, Ed 
y(a, t - &()) lf t E [Eg. L-0 + &,I 
fi IS a contmuatlon to u Therefore JM IS an open set 
Our next result IS devoted to fmdmg a global solution provided that we have m some 
way an a prlorz bound for the solution on J,+, We shall give sufficient condltlons to obtam 
this bound 
PROPOSITION 1 5 
Assume there exists M > 0 such that, for all t E J,,, 
Then J,,, = [0, +m), that IS there exists a unique “global” solution 
Proof Let us consider i E J,+, and solve the following problem 
Dw(u, t) + m(u, w( ) t))w(u, t) = 0 
I 
A 
w(0, t) = @a, w( t t))w(u, t) da 
0 
w(u, 0) = u(u, i’) 
to m 
Repeating the same arguments at the end of the proof of proposltlon 1 3 it IS possible to get 
C depending only upon M and independent from 5, then for all 5 E J,,, the solution u can be 
continued for a given fixed time E = E(M) It then follows that JM = R, 
We are now Interested m obtammg sufficient condltlons to guarantee an a prron bound 
for the solution to (P) 
LEMMA 1 6 
Under the assumptions (H,), (Hz) there exists an Increasing function c2 R, --, R, such 
that for all u E LA, u Z 0 
sup 2 (6,,(u, u) - m,,(a, u))u,(u) da Iu(, 5 r 
I /=o 
Proof For all 1 E R, denote A’ = sup (A, 0) Then one has 
2 (b,,(a, u) - m,,(a, u)) ~5 2 (b,, - m,,)+ 15 2 ( C (b,, - m,,)' lJ=l !]=I 1=1 IfI 
+ (b,,(c u) - da))+ 1 5 n[2nco(r) + co(r) - inf q(u)] 
for all u, lull S r 
Then we set 
cz(r) = (2n + I)c,(r) 
PROPOSITION 1 7 
Assume (H,), (HJ, (H3) hold and the addltlonal hypothesis (HJ there exists an Increasing 
function c2 R, + R, venfymg the mequahty of lemma (1 6) and such that 
I ,,+- (rc2(r))-’ dr = +m 
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Then the equation (P) has a unique global solution which 1s m V, for all E > 0 
Proof Let us denote by r(r) = \u(f)\,, where u is the maximal solution and t E (0, uu) 
Then 
= I * 2 (&(a, u(t)) - m,,(a, uW))u,(u, t) da 5 CZ(~~)~,)~U(~)~I 0 l/=1 
Therefore 
r’(t) 5 c,(r(r))r(t), r(O) = Id 
By (HJ we have that Wmtner theorem (see Hartman[ 121, p 29) holds so r(r) exists for all 
t Z 0 This Implies the maximal solution to be bounded from above by r(t) 
COROLLARY 1 8 
Assume that there exists d > 0 
sup @,Ja, u) - ~,(a, u,> S d log (1 + (u/J 
UER, 
for all I,J = I, n and n and u Z 0 m I!,:, that IS c&r) = d log (1 + r) Then hypothesis 
(H,) 1s fulfilled A cdndlhon of this type have been mvestlgated by Chlpot[S] 
EXAMPLE 1 1 
This example IS a case where corollary (1 8) can be easily apphed 
Let us assume n = 1 and denote 
Suppose that 
0 5 b(u, U) s O(r(1 + 
m(u, u) = m(u) independent of u 
In this case r(t) = P(t) and 
by P(t) = _fg ~(a, t) da the total population at time t 
r)-‘) as 14 ~5 r, r+ +w 
rc*(r) Z 0(r2(1 + r)-‘) as r+ +m 
Then for each 0 > 0 
i 
+X 
(rcJr))-’ dr = 
i 
+% (1 + r)rW2 dr = + m 
0 0 
Hence this one specie model has a global solution 
EXAMPLE 1 2 
Loglstzc Populutlon Growth (see Marcatl[2 11) 
As m the above example we consider a single specie model In this case one has a linear 
birth rate /?(a) independent of u and a population dependent death rate, that 1s given by 
m(a, u( )) = -p(a) - Y(U)P 
where 
P = P, pu, ;’ 2 0 
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Assume that all the rates are supported m [0, A] and Jd p(a) da = + ~3 Therefore m this case 
we can assume 
c*(r) = sup /3(a) = 13 
aER* 
Independent from r Hence we easily obtain 
i 
0ix (rc2(r))-’ dr = i ‘= r-’ dr = +x 
i 0 
So the cntenon of proposmon (1 7) is fulfilled 
EXAMPLE 1 3 
Models wtth population dependent growth rates 
Assume there exists functions 
P,,, P,, R, x R: - R 
For all I, J = 1, , n Where for all a E A one has 
&(a, P) = ,&,(a, P) = 0 
for all p E R: 
We have 
&(a, 4 , t)) = &(a, p(t)), m&9 u( 7 t)) = #&,(a, p(t)) 
where p(t) = (p,(t), , p,,(t)) and p,(t) = .f{ ~,(a, t) da IS the total Ith population at 
time t 
This case has been considered by Gurtm-MacCamy[9] m the case where n = 1 and with 
stronger assumptions on b and m 
Now, we go on to make some hypotheses on /?,, and p,, m order to have (H,), (H,), (H,), 
(HJ be fulfilled 
6%) (0 
(4 
6%) (1) 
(10 
(111) 
(IV) 
The mapping a E R, + &(a, p) E W, IS contmuous for all p E R’!+ 
There exists a continuous non-decreasmg function c0 R + ---f R + such that for any 
a E R, 
IB,,(a, P) - &(a, 9)I 5 c&)lp - 91 
as IpI, 141 S r Moreover &(a, p) s CO(r) as IpJ s r 
pLv S 0 if z # J and ,u,, Z 0, for all I, J = 1, 
If1 #J, -~,,(a, p) S c,,(r) as a E R, and JpI 5 ;n 
For each p E R: 
,u,,( , p) IS contmuous on [0, A) 
p,,( , p) 1s contmuous on [0, A] for 1 f J 
There exists a contmous function cl [O, A) X W, + R, such that for all p, 9 E 
R:, IPI, 191 2 r, a E LO, A) 
II.&, P) - ~,,(a, 9)l S ~,(a, r)lp - 91, 
I1.4,(a, P) - ~,,(a, 9)l 5 c&)lp - 91 
for all I, J = I, , n 
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(v) There exists a contmuous function 9 [0, A) -+ R, such that for all z = 1, 
n, p E R; and a E [O, A) 
0 < q(a) s lI,,(a. p) 
J$q(a)da = +aandc,( ,r) = O(q)asu-+A- 
(A3) Denote by 
h(r) = sup sup sup {P&h PI - &a, PII 
I, JpfCr oER+ 
therefore we assume that there exists y > 0 such that 
h(r) < Y 
for all r > 0 
In many apphcatlons we assume that for all (a, p) E R+ X R: 
(A,) &(a, PI = ~,(a, P) = 0, 1 f/t l,J = 1, ,n 
Now the Equation (P) can be put into the form 
Du(a, t) + ,4u, pW)u(a, t) = 0 
cm* 40, 1) = 
i 
1 /%a, p(t))u(a, t) da 
A 
ufa, 0) = u&L PO> = r u(u, t) da 
PROPOSITION 1 8 
Let us assume (A,), (A,) 
for all E > 0, provided that u. 
EXAMPLE 1 4 
Jo 
and (A,) are true then (P)* has a unique global solution m V, 
satisfies the hypothesis (H3) 
Interactmg populatron dynamcs 
These examples have to be regarded as the age dependent versions of the classical Lotka- 
Volterra equations Denote by N&z, t) the age-time density function for the zth specie, z = 1, 
> k Suppose that 
M,,ta, aIN,@, t) da 
IS the part of the age speclflc growth rates due to the effects of the Jth population on the zth 
population Let us denote by p,(u) and ,u the mtnnsec age specific bnth and death rates 
The general competmon model can be described by the followmg equations 
(CD) A N,(a, t) = 
I 
/W)N,(u, t) da 
N,(u, 0) = &(a, 
In order to verify hypotheses (H,), (HI), (H7) we assume 
(C,) p, is a contmuous function, /I! 2 0, /I,@ = 0 for all a Z A for each z = 1, ,k 
(C,) ,u, and M,, are continuous and non-negative functions on [0, A) and for all a 2 A, 
,~,(a) = 0, for all (a, c~) E R: , a + OL 5 A, M,,(u, a) = 0 
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(C,) Nb” IS a contmuous non-negative function supported on [0, A] and venfymg the com- 
patlblhty condltlons (H3) 
Hypothesis (H4) 1s a consequence of (C,), (Cz), (C,). indeed 
C?(T) = sup 
,=I n ,$Vn “!P ;, (ii(a) - ,4(a) - ,z, ij’M,,(a, (Y)N,(oL. I) du) + 
c sup a,@; ‘= p = 
rn 
then 
I 
+m (rc2(r))-’ dr 2 i 
0 I P 0 
+= r-I dr= +x 
for all 8 > 0 
Now we wish to descnbe a predator-prey type dynamics Let us denote by N, the prey 
population and by N2 the predator-populatton The model can be described using the followmg 
equations (see 1221, [30] and [lo]) 
DN,(a, t) + r,,(a) + ; [ M,,(a, cW,(a, t) da N,(a, r) = 0 } 
i i 
A 
DWa, t) + p&z) M2z(a, (T)N~((Y, 1) da Nz(a, t) = 0 
0 I 
N,(O, f) = 
I 
; b’,(a)N,(a, f) da 
Nz(O, t) = 
i 
:’ (Ma) + 1 M,,(a, a)N,(a, t) dol)N,(a, t) da 
0 
N,(a, 0) = N6”(a), 1= I,2 
In order to apply the general existence theorem we assume 
(P,) 13,, MZ, are bounded contmuous non-negative functions 
(PJ p, are non-negative continuous functions 
(PJ Denote by q(a) = mm, p!(a) therefore 
(P,) M,, , M,,, M,, are non-negative 
M,,( , a) = O(q) 
(P5) For all (a, 0~) E IS’, 
i 
A 
y(a) da = +w 
0 
continuous functions and 
as a-A-, for (l,./) f (2, 1) 
M?,(U, a) 5 M,z(a, a) 
By (P,), (PJ, (P,) one obtams that (H,), (H,) are verified Next denote by 
m&f-) = 
5 
sup sup i^ (4,(u) - p,(a) - ,, [ M,,(a, c~)N,(a) da N,(a) da 
I IbJ,l,S’. 0 
A + I( /h(a) - h(a) f M~I(u, a)Nl(a) da - I A Mzz(a, a)N,(a) da N,(a) da 0 ,I 
[sup sup /j,(u)]r = /lr 
, u 
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Then using Corollary (1 8) we get the existence and umqueness of a global solution 
EXAMPLE 1 5 
Epldemlc models 
The above models concern with the dynamics between different species as in the usual 
ecological model In this example we shall study the evolution of an epidemic disease descnbmg 
the dynamics among different classes of the same specie Our model is often called a SIR type 
model (see for instance Waltman[29] on Hoppensteadt[ 131) The SIR model is characterized 
by a single specie devlded mto three classes the susceptible people, the infective people and 
the removed people 
We shall denote by S(a, r) the age density of susceptible people, P(a, t) the age density 
of the total population If we assume that all the new-boms are susceptible and the age speck 
birth rate B 1s a function of the age and of the total population at time t, p(t) = Jg P(a, t) da, 
then one has 
S(0, t) = I ,* B(a, p(~)V'(a, f) da 
In addition, let us denote by 1(0, a, t) the density of the infective class given m terms of the 
age a, the time f and the so called “class age” a (1 e the length of the penod of permanence 
m the class) In other words we can thmk r(u, a, t) as the “number” of mdlvlduals of age a 
at time t who have been infected at time f - a Denote by 
10(Q, t) = 4-h 0, t) 
The “mput” of mfectlves of age a at time t 
Then the evolution of susceptible people 1s given by 
Da r) + p(a, P(?))S(U, t) + z&b t) = 0 
Moreover denote by r(u, p, t) the density of the “removed” people that 1s the “number” of 
mdlvlduals of age u at time t who got the permanent lmmumzatlon at time t - j3 Hence the 
dynamics of the “mfectlve” and “removed” are given by 
;+z+g + r4c PO)b(U, 8, r) + r&G 0 = 0 
Integrating formally with respect o a and assummg ~(a, a, ?) = 0 for all a Z A we get 
Dl(a, 1) + /da, p(t))Z(a, t) + r&z, t) - l&z, ?) = 0 
where 
Z(u, t) = 
In the same way, if we denote by R(u, t) = J$ r(u, /3, t) dB and we assume r(u, p, t) = 0. 
for all /3 2 A, one has 
DR(a, r) + ~(a, pW)R(a, t) - ro(u, r) = 0 
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R(0, r) = f(0, t) = 0 
We shall investigate the particular cases 
zo(a, r) = r(a, J(f))S@, r) 
ro(a, r) = Na, JO))f(U, t) 
where](r) = rt f(u, r) da 
We obtain m this way the followmg system of equations 
DS(U, f) + ,& p(t))S(U, t) + /.(a, J(t))S(C t) = 0 
Df(U, r) f p(U, p(r))f(U, r) f 6(U. J(r)>f(U, r) - da. J(r>>S(u, r) = 0 
DR(a, r) + ,~(a, p(r))R(a, r) - &a, JO)V(G r) 
(EM) J(r) = f(a, 0 da, p(r) = I A @(a, r) f f(u, r) + R(u, r)) da 0
S(O, r) = oA p(u, pW)(S(a, 0 + f(a, r) + R(u, r)) da 
i 
I(0, r) = R(0, t) = 0 
In order to reduce our system to a problem of the type (P), we set 
UI 
andforallu = u2 E(LjJ3,u10 i) U3 
where p = Zf=, Jij u,(u) da In addltlon we have 
b(u, u) = 
1 
“(u; P) lI(C P) P(G P) 
0 0 
0 0 0 I 
Then to apply the proposltlon (1 7) we assume the followmg hypotheses hold 
(E,) p R, X R, + R IS a posltlve real valued contmuous function such that fG ,~(a) da = 
+m, ~(a) = 0 as a 2 A 
(Ez) B R+ x R, + R IS a non-negative real valued function such that for all ,D E R, one 
hds 
and sup, p(u, c) = B(t) for all < E R, 
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(E3) 8, E , 6 ~a + x W + + R are contmuous non-negative real valued mappmgs supported 
on [0, A] X R, 
(EJ Llpschltz assumptions of the same type made in (H,) and (H,) shall be imposed respec- 
tlvely on p and ,D, i., 6 
To verify the hypothesis of proposltlon (1 7) we observe that 
i 
oA i (b,, - m,,)u, da = j- (</9 - ,u - Ah, + Bu* + PUT + 14 
I ,=I 0 
- (p + d)u2 + du2 - ,LU+) da 
= 
i 
A (/1 - P)(UI + ~2 + ~7) da S ib)p 
0 
therefore by means of the hypothesis (El), the proposition (1 7) can be apphed 
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